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Abstract 

We consider the second order Cauchy problem 

u" + m{\A^/'^u\'^)Au = 0, u{0)=uo, u'{0) = ui, 

where m : [0, +00) — > [0, +00) is a continuous function, and A is a self-adjoint nonneg- 
ative operator with dense domain on a Hilbert space. 

It is well known that this problem admits local-in-time solutions provided that Uq 
and Ml are regular enough, depending on the continuity modulus of m, and on the 
strict/weak hyperbolicity of the equation. 

We prove that for such initial data [uq, ui) there exist two pairs of initial data (Uq, ui), 
{uq, Ml) for which the solution is global, and such that uq = uq + uq, ui = ui + ui. 

This is a byproduct of a global existence result for initial data with a suitable spectral 
gap, which extends previous results obtained in the strictly hyperbolic case with a 
smooth nonlinearity m. 

Mathematics Subject Classification 2000 (MSC2000): 35L70, 35L80, 35L90. 
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1 Introduction 

Let H he a real Hilbert space. For every x and y in H, let \x\ denote the norm of 
X, and let {x, y) denote the scalar product of x and y. Let A be an unbounded linear 
operator on H with dense domain D{A). We always assume that A is self-adjoint and 
nonnegative, so that for every a > the power A" is defined in a suitable domain 
L)(A°). 

Given a continuous function m : [0, +oo) -^ [0, +oo) we consider the Cauchy problem 

u"{t) +m{\A^/Mt)\^)Mt) =0, Vt G [0,T), (LI) 

u{0)=Uo, u'{0)=ui. (1.2) 

It is well known that (LI), (L2) is the abstract setting of the Cauchy-boundary value 
problem for the quasilinear hyperbolic integro-differential partial differential equation 



Utt(t,x) -m 



( I \Vu{t,x)f dx]Au{t,x) = \/{x,t) enx[0,T), (L3) 



where Q C M" is an open set, and Vu and Am denote the gradient and the Laplacian 
of u with respect to the space variables. 

Equation (1.1) is called strictly hyperbolic if 

m{a) >u>0 V(7 > 0. (1.4) 

Equation (1.1) is called weakly (or degenerate) hyperbolic if 

m{a) > V(7 > 0. 

Existence of local/global solutions to (LI), (1-2) has long been investigated in the 
last century. The theory is well established in the case of local solutions, which are 
known to exist in the following situations. 

(LI) When equation (1.1) is strictly hyperbolic, m is Lipschitz continuous, and initial 
data {uo,ui) G D{A^^'^) x D{A^^^) (see [1] and the references quoted therein). 

(L2) When equation (1.1) is weakly hyperbolic, m is continuous, and initial data are 
analytic. In this case solutions are actually global (see [2], [5], [6]). 

(L3) More generally, when initial data belong to suitable intermediate spaces, depending 
on the continuity modulus of m, and on the strict/weak hyperbolicity of (LI) (see 
[11] and [8]). This is a sort of interpolation between (LI) and (L2). We refer to 
section 2 for precise definitions of the functional spaces in the abstract framework 
and a formal local existence statement (Theorem A). 



Existence of global solutions is a much more difficult problem, and it is still widely 
open. A positive answer has been given in the case (L2), and in some special situations: 
quasi- analytic initial data (see [15]), or Sobolev-type data but special nonlinearities m 
(see [16]), or dispersive operators and small data (see [10], [7]). But for (L2) all these 
results assume the strict hyperbolicity and the Lipschitz continuity of m. 

Recently R. Manfrin [13, 14] (see also [12]) considered once again the strictly 
hyperbolic case with a smooth nonlinearity. He proved global existence in a special 
class of nonanalytic initial data. Manfrin's spaces are not vector spaces and do not 
contain any Gevrey space Qs with s > 1. However they have the following astonishing 
property: 

(M) every pair of initial conditions {uq,ui) E D{A) x D{A^^'^) is the sum of two pairs 
of initial conditions in Manfrin's spaces, i.e., the sum of two initial conditions for 
which the solution is global! 

This theory requires the strict hyperbolicity and some smoothness of m, which is 
assumed to be of class C^ both in [13] and [14]. 

In this paper we extend Manfrin's theory to the general situation of (L3). We consider 
indeed both the strictly hyperbolic and the weakly hyperbolic case, and a nonlinearity 
m with a given continuity modulus. In Theorem 3.1 we prove global existence for initial 
data in a suitable subset of the spaces involved in (L3). In analogy with Manfrin's 
spaces, the definition (3.1) of our subset is made in terms of the spectral resolution of 
initial data. Of course our subset is not a vector space and it doesn't even contain all 
analytic functions. Nevertheless in Proposition 3.2 we show that this subset satisfies 
property (M) in the spaces involved in (L3). 

From the point of view of property (M) our result extends Manfrin's one also in 
the framework (LI). In this case we obtain indeed property (M) for initial data in 
D(A'^^*) X D(A^^^) and a locally Lipschitz continuous nonlinearity m, instead of initial 
data in D{A) x D{A^/^) and m G C^. 

This paper is organized as follows. In section 2 we recall the definition of continuity 
modulus and Gevrey-type functional spaces, and we state the local existence result for 
the case (L3). In section 3 we introduce our spaces and we state our main results. In 
section 4 we prove these results. 

2 Preliminaries 

For the sake of simplicity we assume that H admits a countable complete orthonormal 
system {ek}k>i niade by eigenvectors of A. We denote the corresponding eigenvalues by 
A| (with Afc > 0), so that Ack = X^et for every k > 1. 

Under this assumption we can work with Fourier series. However, any definition or 
statement of this section can be easily extended to the general setting just by using the 



spectral decomposition instead of Fourier series. The interested reader is referred to [1] 
for further details. 

By means of the orthonormal system every u E H can be written in a unique way 
in the form u = X^fcli'^fc^fc) where Uk = {u,ek) are the Fourier components of u. With 
these notations for every a > we have that 



D{A-) := \u e H -.Y.^t'ul < +oo\ . 



k=l 

Let now ip : [0, +oo) -^ (0, +oo) be any function. Then for every a > and r > 
one can set 

oo 

\\u\\l,^^:=Y,4''4^w{Mh)), (2.1) 

k=l 

and then define the spaces 

G^,rA^) ■■= [ueH : \\u\\l^^^^ < +00} . 

These spaces are a generalization of the usual spaces of Sobolev, Gevrey or analytic 
functions. They are Hilbert spaces with norm (|mP + HmH^^^.q)^'^^- ^^ ^^^^ ^^t 



yip,oo,a\A) '■— I I yif,r,a{A)- 



r>0 

A continuity modulus is a continuous increasing function u : [0, +00) -^ [0, +00) 
such that u;(0) = 0, and uj{a + b) < u{a) + uj{h) for every a > and 6 > 0. 

The function m is said to be u;-continuous if there exists a constant L G M such that 

\m{a)~m{h)\<Luj{\a-h\) Va > 0, V6 > 0. (2.2) 

The following result sums up the state of the art concerning existence of local solu- 
tions. We refer to Theorem 2.1 and Theorem 2.2 in [11] for the existence part, to [8] for 
some counterexamples, and to [9] for uniqueness issues. 

Theorem A Let uo he a continuity modulus, let m : [0, +00) -^ [0, +00) be a (locally) 
uj-continuous function, and let ip : [0, +00) -^ (0, +00). 
Let us assume that there exists a constant A such that 

auji-] <A(p{a) V(7>0 (2.3) 

in the strictly hyperbolic case, and 

a < Av? f , ) Va > (2.4) 



aMV^ 



in the weakly hyperbolic case. 
Let 

{uo,Ui) e ^<^,ru,3/4(^) X ^^,ro,l/4(^) (2.5) 

for some r^ > 0. 

Then there exists T > 0, and a nonincreasing function r : [0,T] -^ (0,ro] such that 
problem (1-1), (1-2) admits at least one local solution 

ueC {[o,T];g^,rm/4{A))nc' {[o,T];g^,rm/M)) ■ (2-6) 

3 Main result 

Let C denote the set of all sequences {p„} of positive real numbers such that p„ -^ +cxd 
as n ^ +00. Given ip : [0, +00) -^ (0, +00), {p„} E C, a > 0, and /? > we set 

^Kl.},ai^) ■■=lueH: Y, ^t'^l exP (P^V^(Afe)) <Pn Vn G N I , (3.1) 

and then 

{pn}e£ 

These spaces are a generalization of Manfrin's spaces. 

The following global existence result is the main result of this paper. 

Theorem 3.1 Let u be a continuity modulus, let m : [0, +00) -^ [0, +00) be a function 
satisfying (2.2), let ip : [0, +00) — > (0, +00), and let {p„} G C 
Let us assume that 

• in the strictly hyperbolic case (2.3) holds true for a suitable A, and 

{uo,u,) G ^-M21,„},3/4(^) X ^-^?k},i/4(^)' (3-2) 

• in the weakly hyperbolic case (2.4) holds true for a suitable A, and 

(no, u,) G ^-MSL},3/4(^) X ^-^Sp„},i/4(^)- (3-3) 

Then problem (1.1), (1-2) admits at least one global solution u{t) with 

ueC ([0,+oo);^^,,,3/4(^)) nC° ([0,+oo);^^,,,i/4(A)) (3.4) 

for every r > 0. 



We conclude by speculating on these spaces. First of all it is easy to prove that 

GMl^liA) C ^^,^,„(A) (3.5) 

for every admissible values of the parameters. On one hand this inclusion is "very 
strict". Roughly speaking indeed the inequalities in definition (3.1) require that the 
spectrum of u "has a big hole after each p„" . For this heuristic reason we used "spectral 
gap solutions" to denote the solutions produced by Theorem 3.1. 

On the other hand inclusion (3.5) is "not so strict" in the sense that 

GMl^liA) + gMl%{A) = ^^,oo,.(A) 

for any admissible values of the parameters. We state this property more precisely in 
the case of pairs of initial data. 

Proposition 3.2 Let ip : [0, +oo) -^ (0, +oo), and let 

{Uo,Ui) e ^^,oo,3/4(^) X gip,oo,l/4{A). (3.6) 

Then for every f3 > there exist {p„} and {p„} in C, and 

{uo,u,) G gMl%^^^,^,{A) X ^K'ku/M)^ (3-7) 

(%,«i) G ^A^S?.},3/4(^) X ^K'ku/M)^ (3-8) 

such that uq = uo + uq and ui = ui +ui. 

Remark 3.3 Combining Theorem 3.1 and Proposition 3.2 we obtain the following 
statement: every pair of initial conditions satisfying (2.5) with ro = cxd is the sum 
of two pairs of initial conditions for which the solution is global. We have thus extended 
to the general case the astonishing aspect of Manfrin's result. 

The extra requirement that tq = oo is hardly surprising. It is indeed a necessary 
condition for existence of global solutions even in the theory of linear equations with 
nonsmooth time dependent coefficients. 

Remark 3.4 The cu-continuity assumption on ttl can be easily relaxed to local u- 
continuity in all the cases where there is a uniform-in-time estimate of |A^/^-u(t)| in 
terms of the initial data. We refer to the paragraph "Energy conservation" in section 4.1 
for further details. 

Remark 3.5 It is possible to extend the result of Theorem 3.1 to larger spaces. A 
careful inspection of the proof reveals that in the strictly hyperbolic case one can replace 
(3 = 2 with any j3 > 1, in the weakly hyperbolic case one can replace (3 = 3 with any 
(3 > 2. It should also be possible to enlarge these spaces in order to contain all analytic 
functions, for which a global solution was already known to exist. 

Our choice (3.1) is optimized in order to obtain both Theorem 3.1 and Proposition 3.2 
under the more general assumptions on m, and with a simple proof. 



4 Proofs 

4.1 Preliminaries 

Estimates for a continuity modulus The following estimates are crucial in the 
proof of our main result (see also Lemma 3.1 in [9]). 

Lemma 4.1 Let uo : [0, +oo) —> [0, +oo) be a continuity modulus. 
Then 

uj{Xx) < (1 + \)uj{x) VA > 0, Vx > 0; (4.1) 

cu(x) >cu(l)— ^ Vx>0; (4.2) 

Proof. Inequality (4.1) can be easily proved by induction on the integer part of A 
using the monotonicity and the subadditivity of uj. Inequality (4.2) follows from (4.1) 
applied with A = 1/x. Inequality (4.3) follows from (4.2). □ 



Energy conservation Let u be any solution of (1.1) defined in an interval [0, T). Let 
us set 

M{a) := / m{s)ds \/a > 0, 
Jo 

and let us consider the usual Hamiltonian 

n{t) := \u'{t)\^ + M{\A^^Mt)\^)■ 
lt is well known that 7Y(t) is constant. In particular 

\u'{t)\^ <n{0) VtG[0,T). (4.4) 

In the strictly hyperbolic case we have also that M{a) > ua, hence 

|Ai/2^(t)|2 < ZM vt G [0,T). (4.5) 

V 

This provides an estimate of |A^'^-u(t)| in terms of the initial conditions. This type 
of estimate can be obtained also without the strict hyperbolicity provided that the limit 
of M(cr) as 0" — !► +00 is +cxd or at least larger than 7i(0). 



Convolutions In the next result we recall the properties of convolutions which are 
needed in the sequel (we omit the standard proof). 

Lemma 4.2 Let p : M ^ [0, +00) be a function of class C°° , with support contained in 
[—1, 1], and integral equal to 1. 

Let a > 0, and let / : [0, a] -^ M &e a continuous function. Let us extend f{x) to the 
whole real line by setting f{x) = /(O) for every x < 0, and f{x) = f{a) for every x > a. 

For every e > let us set 

f^(x) := / f{x + es)p{s) ds \/x e R. 

Jr 

Then fe^x) has the following properties. 

(1) /,gC-(M). 

(2) If pi < f{x) < fi2 for every x E [0, a], then /ii < fe{x) < fi2 for every a; G M and 
every e > 0. 

(3) |/e(0)| < max{|/(a;)| : < x < e} for every e > 0. 

(4) Let 00 be a continuity modulus. Let us assume that 

\f{x)-f{y)\<Huj{\x-y\) VxG [0,o], VyG [0,a], (4.6) 

for some H > 0. Then there exists a constant 70 (independent on e, H , and on 
the function fit)) such that 

\fe{x) - f{x)\ < ^oH^ie) Vx G R, V5 > 0, 

\f'eix)\ < -foH -^ yx er, ys> 0. 

Maximal local solutions By (3.5) assumptions (3.2) and (3.3) imply that (mo,Mi) G 
G^,oo,3/4:{A) X Glp,oo,i/4{A)- Therefore the existence of a local solution to (1.1), (1.2) 
follows from Theorem A both in the strictly hyperbolic and in the weakly hyperbolic 
case. Since initial data satisfy (2.5) for every tq, from the linear theory it easily follows 
that the local solution satisfies (2.6) for every r(t). 

By a standard argument any local solution can be continued to a solution defined 
in a maximal interval [0,T). If T = +cxo there is nothing to prove. In order to exclude 
that T < +00 we prove that the time derivative of |A^/^-u(t)p cannot blow-up in a finite 
time. The proof of this a priori estimate, which is the basic tool in all global existence 
results, is different in the strictly hyperbolic and in the weakly hyperbolic case. 



4.2 The strictly hyperbolic case 

Let us introduce some constants. From the strict hyperbolicity (1.4) and estimate (4.5) 
we have that 

V < m{\A^^^u{t)\'^) < max i m{a) : < a < — — ^ [ =: /i Vt > 0. 

Let L, A, 7o be the constants appearing in (2.2), (2.3), and in Lemma 4.2, and let 

7i := max{l, /i} ■ max {l, i^^^} , 

H, := max{|(A3/4Mo,^'/V)| + 1, (l + i^'') n{0) + 271 + l} , 

72 := ioLA{2Hi + 1) ( - + ^ 



Since p„ ^ +00 we can choose n eN such that 

Pn > max{72T, 1}. (4.7) 

Let us set 

5:=sup {r<T: \{A^/\{t),A^/\'{t))\ < H^pn Vt G [0,r]}. 

We remark that S* > because \{A^/*Uq,A^/^ui)\ < Hi < HiPn- 
Now we distinguish the case S = T and S < T. 

Case S = T The argument is quite standard. In the interval [0,T) the function 
u{t) is the solution of the linear problem 

v"{t) + c{t)Av{t) = (4.8) 

v{0) = uo, v'{0) = izi, (4.9) 

where 

cit):=m{\A^/\{t)\''). (4.10) 

Since S* = T in this case we have that 



A|AV2«(t)P 



2\{A^/^u{t),A^/%'{t))\ < 2H^pn (4.11) 



for every t E [0,T). It follows that |A-'^/^-u(t)p is Lipschitz continuous in [0,T), hence 
c(t) can be extended to an c<j-continuous function defined in the closed interval [0,T]. 
By the linear theory (see [3] and [11]) problem (4.8), (4.9) has a solution 

veC' {[0,T];g^,,s/4{A))nC' {[0,T];g^,,y,iA)) 

8 



for every r > 0. Since the solution of the hnear problem is unique, this implies that 
there exist 

Mo := lim u(t) G ^^,oo,3/4(^), ^i := hm u'{t) G Q^,oo,i/4:{A). 

Applying Theorem A with initial data (mq, Mi) one can therefore continue u{t) on an 
interval [0,Ti) with Ti > T, which contradicts the maximality of T. 

Case S < T By the maximality of S we have that necessarily 

\{A'/\{S),A'/\'{S))\=H,pn. (4.12) 

Let us consider the function c(t) defined according to (4.10). In this case (4.11) holds 
true for every t G [0, S], hence by (2.2) and (4.1) we have that 

\c{t)-c{s)\ = \m{\A^/\{t)\^) - m{\A^/\{s)\^)\ 

< Lu{\\A'/\it)\'-\A'/\is)\^\) 

< Luj{2HiPn\t- s\) 

< L{2Hipn+l)uj{\t-s\) 

< L{2H^ + l)p^u{\t-s\) 

for every t and s in [0, S]. Let us extend c(t) outside the interval [0, S] as in Lemma 4.2, 
and let us set 

c,(t) := / c{t + es)p{s) ds Vt G M. (4.13) 

Since estimate (4.6) holds true with H := L{2Hi + l)pn, from statements (2) and 
(4) of Lemma 4.2 we deduce that 

V < Ce{t) < /i Vt G M, Ve > 0, (4.14) 

\c,{t) - c{t)\ < -iqL{2Hi + l)pnUo{e) Vt e^,ye> 0, (4.15) 

I4(t)| < 1qL{2Hi + l)pn ^ Vt G M, V£ > 0. (4.16) 

Let us consider the Fourier components Ukif) of u{t), and let us set 

E,,{t) := \u',{t)\^ + \lcM\uk{t)\\ (4.17) 

An easy computation shows that 

EUt) = 4(t)A^|«,(t)p + 2A^(c,(t)-c(t))M,(t)<(t) 

< ^-^c,mlMt)\' + A,^^^4=^2|4(t)| ■ hVW)\Mt)\ 

Ce(^) VQ(t) 

9 



hence by (4.14), (4.15), and (4.16) we obtain that 

E',M < ^oL{2H, + l)p„ (-'^ + ^\,u;{e)] Ek,e{t) Vt G [0,S]. (4.18) 

' \z/ e \/v J 

Let us consider now the eigenvalues A^ > p„, which are clearly positive, and let us 
set Ek '■= A^^. By (2.3) we have that 

— = \kuj{ek) = Afccj ( T- ) < Av^(Afe). 

Using these estimates in (4.18) we obtain that 

E'(t) < 1qL{2H, + l)p„ {- + ^ k^{\)Ek,e,{t) = ^2PrMh)Ek,eSt)- 



='=fc ■ ■ ■ ' ' u wu 



Integrating this differential inequality and using (4.7) we find that 

Ek,ek(t) < -Sfc,£fc(0)exp (72PnV'(Afc)T) < Efc,ej^(0)exp (p^v^(Afc)) 
for every t G [0, S]. Thanks to (4.14) we obtain that 

l4(^)r + Afe|Mfc(t)|2 < ^s.x{l,iy-^}Ek,e,it) 

< max {l, z/"^} {\uik\^ + \lce^{0)\uok\^) exp (p^v9(Afc)) 

< max{l,z/"^} ■max{l,p} (JMifep + Afc|MofcP) exp (p^v^(Afc)) 
= 71 (l^ifcl^ + AfclMofcT) exp {plip{Xk)) , 

where uok and uik denote the Fourier components of uq and ui, respectively. 
By assumption (3.2) we have therefore that 

J2 >^k {\Uk{t)\^ + \l\ukit)\^) <7i 5^ \k {\uik\^ + \l\uok\^) exp (plifiiXk)) < 27ip, 
for every t G [0, S]. On the other hand, by (4.4) and (4.5) we have that 

5^ A.(K(t)p + A^K(t)p) < Pn 5^ (|^Ut)P + A^.K(t)p) 



(k(o,.^) 



< Pn[nio) + 



10 



for every t G [0, S]. In particular for t = S* we have that 
\{A''/%{S),A'/^u'{S))\ < |A3/4m(5)|2 + |aVV(5)|2 

= 5^ A, {\u',{S)\' + Xl\u,{S)\') + 5^ A, {\u',{S)\' + Xl\u,{S)\') 

< Pn(n{o) + ^ + 2^^ 

< HiPn- 

This contradicts (4.12). 

4.3 The weakly hyperbolic case 

Let us introduce some constants. Let L, A, 70 be the constants appearing in (2.2), (2.4), 

and in Lemma 4.2, and let 

1 

74 := max{m(|A^/2M(t)p) : t G [0,T/2]} + max |cj((7) : < (r^uj{a) < l| , 

75 := 73(1 + 74) (A + 1) 

H2 := max 1 1(^3/4^,0,^1/^)1 + 1, {\u,\ + 1)^77(01 + 75 + 1)} , 

76:=l + 7o^(2i/2 + l). 
Since p„ ^ +00 we can choose n G N such that Pn > 1, and 

py' > Tv^tTM, py'>476AT, Pn > ^ Z^ . (4.19) 

Tv/^(T/2) 



Let us set 

5 := sup {t<T: \{A'/%{t),A^'\\t))\ < H^p^^ Vt G [0,r]} . 

We remark that 5 > because K^^/^mq, A^/^i)! < //2 < H2p^J^ . 

If S* = T we can conclude as in the strictly hyperbolic case (using the linear theory 
for the weakly hyperbolic case, for which we refer to [4]). So let us assume that S < T. 
By the maximality of S we have that necessarily 

\{A^/MS),A'/^u'iS))\ = H^pT- (4.20) 



11 



Let us consider the function c(t) defined according to (4.10), let us extend it outside 
the interval [0, S] as in Lemma 4.2, and let us set 



Ce{t) := Lj{e) + c{t + es)p{s) ds Vt G M. 

Jr 

Arguing as in the strictly hyperbolic case we find that 

\cit)-cis)\<Li2H, + l)p'JM\t-s\) 
for every t and s in [0, S]. Therefore from statement (4) of Lemma 4.2 we deduce that 
\ceit) - c(t)| < (1 + ^oLi2H, + l)p^/2) ^(e) = ^ep5/2 ^(^)^ (4 21) 

\c'M < loL{2H, + l)pf ^ < 76P^/^ ^. (4.22) 

Let us consider the Fourier components Uk{t) of u{t), and let us define Ek^£{t) as 
in (4.17). Computing the time derivative as in the strictly hyperbolic case, and using 
(4.21), (4.22), and the fact that Ce{t) > uj{e) we find that 

El,{t) < ^.p'J' (^i + A, V^) E,^,it) Vt G [0, S]. 

Now we choose £ as a function of k. The function h{a) = a^^/uJ{a) is invertible. 
Let us consider the eigenvalues A^ > p„, which are clearly positive, and let us set 
e^ ■= /i-i(l/Afc). By (2.4) we have that 

AfcV^^=-<Av^(T7^) =Av^(Afc), (4.23) 

hence 

E^,,^(t)<276pfA^(A,)E,,,,(t). 

Integrating this differential inequality, and exploiting the second condition in (4.19) 
we thus obtain that 

Ek,s,{t) < ^fc,e,(0)exp (2p^/2^6Av^(A,)T) < E^^sM^W l^lpMh] 

for every t G [0, S]. In order to estimate Ek^^^^^O) we need an estimate on Cej,(0). To this 
end we first observe that h{ek) = l/\k < 1, hence 

uj{ek) < max{cj(a) : < h{a) < 1}. (4.24) 



12 



Moreover the last condition in (4.19) is equivalent to l/p„ < h{T/2). Therefore from 
the monotonicity of h it follows that 

hence from statement (3) of Lemma 4.2 we deduce that 

c{eks)p{s) ds < max{c(t) : < t < £fc} < max{c(t) : < t < T/2}. (4.25) 



From (4.24) and (4.25) it follows that ^^^(0) < 74, hence 

Ek,eM < max {1, Ce(0)} {\uik? + ^IW^k?) < (1 + 74) {Wik? + ^IW^k?) ■ 
Moreover from (4.3) and (4.23) it follows that 

max (1, -^1 < 1 + -^ < 73 f 1 + -) < 73(1 + Av'(Afc)). 
1^ Lo[ek)} Lo[ek) \ SkJ 

Since (1 + Ax) < (A + l)e^/^ for every A > and every a; > 0, we have in particular 
that 

max I 1,—- I < 73(1 + Av9(Afc)) < 73(1 + A) exp f -v9(Afc) j < 

<73(l + A)expQp3^(Afc) 
From all these estimates it follows that 

Wkit)? + \l\uk{t)\'' < max|l,-^|i?,,,,(t) 

< 73(l + A)i?,,,,(0)exp(p3^(Afc)) 

< 73(1 + A)(l + 74) (Iwifcp + \l\uok?) exp [plv^^k)) 
= 75 (iwifeP + AfclwofeP) exp {pl(p{\k)) . 

By assumption (3.3) we have therefore that 

J2 ^fe (KWP + AfelMfe(t)P) < 75 5Z Afc (l^ifep + \l\uok\'') exp (pfMXk)) < 275P. 
for every t G [0, S], and in particular 



J2 Xlu'kiS) ■ UkiS) 

^k>Pn 



< E ^'K(^)l-K(^)l 

Afc>pn 

< ^ E (A.i4(5)r+A^,i«.(5)r) 



Afe>p„ 
< IbPn- 
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On the other hand, by (4.4) and the first condition in (4.19) we have that 



\u{t)\ < \uo\ + S ■ max{\u'{t)\ : t E [0, S]} < \uo\ + T ■ ^/UiO) < {\uo\ + 1) pl/^ 
for every t G [0, S*], hence 



J2 >H.u'k{t)uu{t) 



< pi\{u{t)y(t))\ < pi\u{t)\ . \u'{t)\ < p^i' (\u,\ + 1) ^^m 

for every t G [0, S]. In particular for t = S* we have that 



\{A"\{S),A^'^u\S))\ < 



J2 \l<iS)-u,iS) 



J2 \lu',iS)-u,iS) 

^k>Pn 



< p':!Wu^\ + i)^7m+^^pr, 

< h,pI!\ 



This contradicts (4.20). 



4.4 Proof of Proposition 3.2 

Let us recursively define a sequence p„ as follows. First of all we set po = 0. Let us 
assume that a term p„ has been defined. Assumption (3.6) implies in particular that 

(MO,Mi) e ^^,r,3/4(^) X Q^.r,l/A{A) 

with r = p^, hence 

oo oo 

Yl ^ofc^fc exp (p(^v^(Afc)) < +00, Yl uj^Xk exp (p^v^(Afc)) < +oo. 

fc=l k=l 

We can therefore choose p„+i big enough in such a way that p„+i > p„ + 1, and 

oo 

Yl "ofc^fcexp(p^v^(Afc)) <p„, Y "L^fcexp(p(^v^(Afe)) <p„. 

^k>Pn + l Afe>p„ + l 

Let Mo and ui be the elements of H whose Fourier components are given by 



if P2fc < Afc < P2k+i, 



Uok II P2k+1 S ^fc < P2fc+2, I Uik 11 P2fe+1 S Afc < P2fc+2, 



if P2fc < Afc < P2fc+1, 
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and let p„ := p2n- We claim that (3.7) holds true. Indeed for every n G N we have that 

oo oo 

^ M^;.A^exp(p(^(^(Afc)) = ^ M^fcA^exp(^pf„(^(AA 

^k>Pn Afc>p2n 



^k^P2n + l 
OO 

< 

-^fe>P2n + l 



>P2n + l 
OO 



< P2n = P„, 

and similarly for ui. Note that in the second equality we exploited the spectral gap of 
Mo, whose components are equal to zero in the range {p2n, P2n+i)- 

In the same way we can show that uq := uq — uq and Mi := Ui —Ui satisfy (3.8) with 

Pn '■= P2n+l- n 
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